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One-point Extensions of Polar Spaces 
P. H. FISHER AND TIM PENTIILA 
One-point extensions of finite, thick, non-degenerate polar spaces of rank at least 3 are 
combinatorically characterized. 
INTRODUcnON 
Extensions of polar spaces have been studied previously by two authors (1,2]. In [2] 
many-point extensions were studied, while [1] dealt with one-point extensions. The 
requirement in [1] that the resulting structure forms a sesqui-graph is equivalent to 
requiring the extension of the whole point-line-plane-... structure. It follows that an 
extension of a polar space of rank ~3 involves one-point extension of projective 
spaces over fields; this is used in [2] to show that either the polar space is defined over 
GF(2) or the polar space has rank 3 and is defined over GF(4). Here we eliminate the 
second possibility for one-point extensions. We do not rely upon any of the preceding 
work, and we give elementary proofs of all our results, which do not involve any group 
theory. 
Our results are: there is a unique one-point extension of any polar space defined 
over GF(2) (proved in [1] by group-theoretic methods), and there are no other 
one-point extensions of finite, thick, non-degenerate polar spaces of rank ~3. Our 
construction of the extensions is purely combinatorial. We also give an elementary 
proof that the automorphism group of the one-point extension of the polar space is a 
one-point extension of the automorphism group of the polar space. 
ONE·POINT EXTENSIONS OF POLAR SPACES 
In this paper, we study one-point extensions of finite thick, non-degenerate 
(classical) polar spaces of rank n ~ 3; we require that these be diagram geometries 
belonging to the diagram 
o C 1 2 n-2 n-l n 
o 0 0 0 0 0 
In other words, not only the point-line structure is extended, but the whole 
point-line-plane-... structure. More formally, a one-point extension of a polar space 
of rank n is a diagram geometry belonging to the diagram above such that the 
incidence structure of O-varieties versus I-varieties is a linear space and the residue of 
any O-variety is a polar space. We will continually identify varieties V with their 
O-shadows, i.e. the set of O-varieties incident with V. 
We need the following fact about polar spaces of rank n[6, axiom (P3), p. 102]: 
Given a maximal singular subspace S and a point P ft S, there is a unique maximal 
singular subspace S' containing P which intersects S in a hyperplane of S; it contains all 
points of S which are collinear with P. 
LEMMA 1. Let G be a one-point extension of a finite, thick, non-degenerate polar 
space of rank n ~ 3. Let S be an n-variety of G, P be a O-variety with P ft S. Every 
O-variety Q in S lies in a unique n-variety Ton P which meets S in an (n -I)-variety H. 
Hence S can be partitioned into (n - I)-varieties. 
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PROOF. I-varieties of G are just pairs of O-varieties. Consider the residue geometry 
at Q. This is a polar space of rank n, with S corresponding to a maximal singular 
subspace S', and {P, Q} to a point; not on the subspace. By the axiom above, the set 
of I-varieties of G on Q and contained in G which are incident with a 2-variety incident 
with {P, Q} correspond to a hyperplane H' of S'. Now H' corresponds to an 
(n -I)-variety HQ of S. Repeating the argument for R E HQ must give rise to a 
hyperplane HR containing HQ, so HQ = HR' Varying Q over S shows that the HQ 
partition S. 0 
COROLLARY. Let G be a one-point extension of a finite, thick, non-degenerate polar 
space of rank n ;;:. 3. Then the polar space is defined over GF(2). 
PROOF. Since the polar space has rank ;;:.3, it is classical [6, Ch. 7] so defined over 
GF(q) for some q. By Lemma 1, the number 
qn-2 + qn-3 + ... + q + 2 
of O-varieties on an (n -I)-variety of G divides the number 
qn-l + qn-2 + ... + q + 2 
of O-varieties on an n-variety of G. Hence 
qn-2 + qn-3 + ... + q + 2 
divides q - 2; so q = 2, since n ;;:. 3. 0 
A circular subspace is set S of points such that, if P, Q, Rare O-varieties of Sand C 
is a 2-variety with P, Q and R incident with c, then C ~ S. A circular subspace S is 
singular if every triple of O-varieties of S lie together in some 2-variety. The non-empty 
singular circular subspaces of a one-point extension G of a non-degenerate polar space 
of rank n ;;:. 2 are precisely the varieties of G. 
A circular subspace is proper if it contains a 2-variety. 
THEOREM 1. Let @i be a non-degenerate classical polar space of finite rank n ;;:. 2 over 
GF(2). Define a new structure G as follows: 
(a) O-varieties are the points of @i together with a new symbol 00. 
(b) I-varieties are all unordered pairs of O-varieties. 
(c) 2-varieties are: (i) the lines of @i, each with 00 added; (ii) the symmetric difference 
(CUM)- (CnM) 
of each pair of intersecting lines of @i; the remaining varieties are the proper singular 
circular subs paces of the structure so far defined: two varieties have the same type iff 
they have the same sizes, and the types 3, 4, ... are in increasing order of size; incidence 
is inclusion. Then G is a one-point extension of a polar space; indeed, the residue of gat 
any O-variety is isomorphic to @i. 
PROOF. We show that the residue ~ of G at any O-variety P is isomorphic to @i. To 
do this, we show that: 
(i) the structure of I-varieties versus 2-varieties of ~ satisfies the Buekenhout-Shult 
polar space axioms [3], and 
(ii) the proper singular circular subspaces of G containing P are essentially the singular 
subspaces (other than points and lines) of ~. 
One-point extensions of polar spaces 537 
(i) The only thing of interest here is to show that given a point {P, Q} and a line L of 
~, {P, Q} is collinear (in ~) with 1 or all of the points of L. This is subdivided into 
cases accordingly as 00 is on L or not, Q and 00 are collinear in ~ or not, etc. The proof 
is tedious but easy. As an illustration, we include the following case. 
Suppose that 00 ft L. Then, in the residue at 00, L is the symmetric diffrence of two 
intersecting lines m and n. Suppose that Q is the intersection of these two lines. Now 
PeL, so, without loss of generality, P e m, m is on P, Q and R so Q is collinear with 
R in ~. If Q is collinear with U e L, U =1= R in ~, then there is a plane :Jr of the residue 
~ at 00 containing L. To see this, let V be the remaining point on L. The L' of ~ on Q 
and U is the symmetric difference of the lines m' and n' in ~ with point of intersection 
w. One of the lines m', n' has two of the points P, Q and U on it, say m'. If P and Q 
are on m', then Rand U are on n', so R is collinear with all points of n in ~, giving a 
plane ;r; of [IF containing L. If P and U are on m' , then P is collinear with all points of n 
in ~ giving :Jr. Finally, if Q and U are on m', then n' is PV, so P is collinear with all 
points of n in [IF, giving :Jr. Hence we have a Fano plane :Jr containing L, and so Q. 
Now the symmetric difference of PU and n' is a line of ~ joining Q and V, so Q is 
collinear with all points of L in ~. 
The other cases are similar. 
(ii) Here it is enough to show that if :Jr is a singular plane of ~ and L a line in :Jr then 
:Jr - L is a 2-variety of G. Again, this involves tedious case-splitting and we omit the 
details. This is enough, as the point-line structure of :Jr is that of PG(2, 2) which is a 
Hadamard design: it has a unique 1-point extension, and new blocks not on the new 
point are the complements of the old blocks. It then follows that the other singular 
subspaces of ~ are extended correctly in G. 
Finally, ~ is isomorphic to ~, by the results of [6, Ch. 7], since ~ is a polar space on 
the same number of points as ~, and both are defined over GF(2). 0 
REMARK 1. Note that Theorem 1 follows from the results of Buekenhout [1, 
Theorem 1] and Theorem 2 below. This is the reason that we have only sketched the 
proof. However, the proof we sketch is much more elementary than the proof of 
Buekenhout's result, even though tedious. 
LEMMA 2. Let G be a one-point extension of a finite, thck non-degenerate polar 
spaces of rank n ~ 3. Let S be an n-variety of G, P be a O-variety with P ft S. Then there 
are exactly two n-varieties T, U on P which meet Sin (n -1)-varieties H, J. Moreover, 
T - H is an (n -1)-variety K and U = K UJ. 
PROOF. By Lemma 1 and its corollary, there are exactly two such n-varieties T, U. 
Applying these results again, but now to T and a point Q of J, we see that T - H is an 
(n - 1)-variety K. It follows that there is an n-variety V containing both K and Q. If 
R eJ then P, Rand R' lie together in a 2-variety for all R' e KU(Q), contrary to 
Lemma 1, unless ReV. Hence V = K U J, giving V = U. 0 
THEOREM 2. The only one-point extension G of a finite, thick non-degenerate polar 
space of rank n ~ 3 are those constructed in Theorem 1. 
PROOF. Let V be the underlying vector space of the polar space of rank n. Choose a 
O-variety 00 of G and an isomorphism 1JI of the residue geometry at 00 with the polar 
space on V. By Lemma 2, any n-variety S not on 00 has two n-varieties T, U on 00, with 
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H=snu and J=SnT (n-l)-varieties, and ooeT-H=U-J=K an (n-l)-
variety. If follows that 1JI maps K to a subspace of V of dimension n -1, and T and U 
to subspaces of V of dimension n. Hence 1JI maps both Hand J to cosets of K, from 
which it follows that 1JI maps S to a coset of an n-dimensional subspace of V. 
Since for O:S:; i, an i-variety W of G is the intersection of the (i + I)-varieties 
containing it, it follows that 1JI(W) is a coset of an i-dimensional subspace of V. 
Let e be a 2-variety of G not on 00. Then there are 2-varieties D, Eon 00 with 
enD = {P, Q}, enE= {P', Q'}, 
where e = {P, Q, P', Q'}. To see this, consider the residues of G at the O-varieties on 
c. If 00 is collinear with all points on e in one of these residues, then it is collinear with 
all points on e in all of these residues, because there is a 3-variety F containing 00 and 
C. In this case, the O-variety, I-variety, 2-variety structure of the residue of G at F is 
isomorphic to the point-tine-plane structure of AG(3,2), as this is the unique 
one-point extension of PG(2, 2), and we see that there are many choices for D and E. 
The other possibility is that 00 is collinear with exactly one point of e in all these 
residues, in which case there is a unique choice for D and E. 
Let D = {P, Q, R, oo}. We claim that 1JI({P, Q}), 1JI({P', Q'}) and 1JI({R,00}) are 
parallel lines of the affine space on V. This follows, since 1JI( {P, Q}) and 1JI( {P', Q'}) 
are contained in the coset 1JI( e) of a two-dimensional subspace, so are parallel, and 
1JI( {P, Q}) and 1JI( {R, oo}) contained in the two-dimensional subspace 1JI(D). 
Let E = {P, Q, R, oo}. Then 1JI({P', Q'}) is parallel to 1JI(R', (0), as they are both 
contained in the two-dimensional subspace 1JI(E). It follows that 1JI( {R', oo}) = 
w({R,oo}) as there is a unique line on 00 parallel to 1JI({P', Q'}), giving R =>R'. We 
now have e = DUE. It follows that every 2-variety of G not on 00 is the symmetric 
difference of a pair of intersecting lines of the residue at 00. By counting, we see that 
every symmetric difference of a pair of intersecting lines is a 2-variety, so the structures 
of O-varieties, I-varieties and 2-varieties are as in Theorem 1. Since the remaining 
varieties are just the proper singular circular subspaces, G is isomorphic to one of the 
geometries constructed in· Theorem 1. 0 
REMARK 2. Under the assumption that the polar space ;g; has three points on a line, 
the proof of uniqueness of the one-point extension is easier in the rank 2 case. Here ;g; 
is a generalized quadrangle, and if e is a 2-variety not on O-variety S in G, there is a 
unique choice for D and E on S with e = {P, Q, P', Q'}. enD = {P, Q}, en E = 
{P', Q'}, for, in the residue of any O-variety P on e there is a unique point {P, Q} 
collinear with {P,oo}. Put D = {P, Q, R, S}. By applying the above to P' and D and 
then to Q' and D, there is a 2-variety F on P', and 00 (and a 2-variety G on Q', Rand 
(0). But now, in the residue at 00, R is collinear with both P' and Q' on E. Hence R is 
on E, so that e is the symmetric difference of D and E. The similarities of this 
argument with those of the proofs of Lemmas 1 and 2 are worth noting. 
Of course, we are implicitly using the fact that a generalized quadrangle with 3 
points on a line is classical [4, p. 122] in asserting that the examples constructed in 
Theorem 1 are the only examples. 
REMARK 3. The hypothesis that the generalized quadrangle has three points on a 
line is necessary for the first remark, as Thas [5] has constructed one-point extensions 
of generalized quadrangles with more than three points on a line. In other words, the 
hypothesis that the rank is at least 3 in the corollary to Lemma 1 is necessary. 
However, the proof of the corollary can be modified (as in Remark 2) to show that the 
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number of points on a line in the generalized quadrangle is odd [1, Corollary to 
Proposition 6]. 
THEOREM 3. The automorphism group of a one-point extension of a finite, thick 
non-degenerate polar space of rank ;;;;03 is a one-point extension of the automorphism 
group of the polar space. 
PROOF. By the nature of the construction of Theorem 1, every automorphism of the 
polar space is an automorphism of the extension, and every automorphism of the 
extension fixing 00 is an automorphism of the polar space. By Theorem 2, anyone-point 
extension is of this form, no matter which O-variety is chosen as 00. Taking residues at 
two O-varieties P and Q, since the automorphism group of the polar space is transitive 
on the points, it follows that the automorphism group of the extension is transitive on 
the O-varieties. 0 
REMARK 4. Given n E 7L, n;;;;o 2, there are three polar spaces of rank n over GF(2), 
namely: 
(1) The Sp(2n, 2) polar space, associated with an alternating form on GF(2)2n; 
(2) The O+(2n, 2) polar space, associated with a quadratic form of Witt index n on 
GF(2)2n; and 
(3) The O-(2n + 2,2), polar space, associated with a quadratic form of Witt index n 
on GF(2)2n+2. 
The automorphism groups of these spaces are Sp(2n, 2), O+(2n, 2) and O-(2n + 2, 2), 
respectively. Each has a unique one-point extension, namely (GF(2)2n, +). Sp(2n, 2), 
Sp(2n,2) and Sp(2n + 2,2) respectively, with the action being on vectors of GF(2)2n, 
cosets of O+(2n, 2) and cosets of O-(2n + 2,2) respectively. (The uniqueness of each 
one-point extension follows from Theorems 2 and 3.) Using the isomorphism 
Sp(2n, 2) =:; O(2n + 1, 2), we can realise the last two actions geometrically as being 
actions of O(2n + 1, 2) on hyperbolic hyperplane sections of the O(2n + 1, 2) qua-
dratic, and of O(2n + 3, 2) on elliptic hyperplane sections of the O(2n + 3, 2) quadric, 
respectively. This identifies the examples of Theorem 1 with those of Buekenhout [1, 
Theorem 2]. 
REMARK 5. An important facet of this paper is the elementary, incidence-theoretic 
nature of the constructions and the uniqueness proofs. Theorem 3 and Remark 4 
derive the group-theoretic properties in the same elementary way. We hope that this 
will make these 2-designs with 2-transitive groups more accessible to those who prefer 
non-group-theoretic constructions. Perhaps also the 2-transitive representations of 
Sp(2n, 2) will be easier to work with when recognised as actions of O(2n + 1, 2) on 
hyperplane sections of a quadric. 
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